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713. 
ADDITION TO MR ROWE’S MEMOIR ON ABEL'S THEOREM. 


[From the Philosophical Transactions of the Royal Society of London, vol. 172, Part 11. 
(1881), pp. 751—758. Received May 27,—Read June 10, 1880.] 


In Abel’s general theorem y is an irrational function of æ determined by an 
equation x(y)=0, or say x(x, y)=0, of the order n as regards y: and it was shown 
by him that the sum of any number of the integrals considered may be reduced to 
a sum of y integrals; where y is a determinate number depending only on the form 
of the equation x(x, y)=0, and given in his equation (62), [Euvres Completes, (1881), 
t. I. p. 168]: viz. if, solving the equation so as to obtain from it developments of y 
in descending series of powers of x, we have* 


mı 
mp series each of the form y =a +... 


Me 


Na fo » » y= F., 
My, 
Vk Mee » ” wT UME + oe, 
Mı 
* The several powers of «x have coefficients: the form really is y=4,x™ +..., which is regarded as 


1 
representing the m different values of y obtained by giving to the radical x: each of its u values, and 
the corresponding values to the radicals which enter into the coefficients of the series: and (so understanding 
it) the meaning is that there are nm, such series each representing u, values of y. It is assumed that the 


1 
series contains only the radical «“', that is, the indices after the leading index ” are ™- = pie se SE 


Ky My My 
series such as y=4 +B 2? +... , depending on the two radicals x3, «> represents 15 different values, and 


would be written y=A,wid+..., or the values of m, and mų would be 20 and 15 respectively: in a case like 


this where “ is not in its least terms, the number of values of the leading coefficient A, is equal, not to 
Ky 


i, but to a submultiple of m. But the case is excluded by Abel’s assumption that a m2, ..., are fractions 
1 2 


each of them in its least terms. 
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(so that n= np, + nopo +... + Ngu), then y is a determinate function of m, ma, 4; 
Na, Me, Mo; +++) Ng, Mk, My. 


Mr Rowe has expressed Abel’s y in the following form, viz. assuming 


m m 
atte shapes 
Fis Bn Hk 


then this expression is 


Y = En, M, nsp +4 n?2mp — 4 Enm — $n — 4n +1, 
3>rT 


or, what is the same thing, for n writing its value Enp, 


Y = En, M, ns ps +4 2n?mp — 4 Enm — 4 Enp —4 En + 1, 
s>r 


where in the first sum r, s have each of them the values 1, 2, ..., k, subject to the 
condition s>r; in each of the other sums n, m, and p are considered as having the 
suffix r, which has the values 1, 2,..., k. 


It is a leading result in Riemann’s theory of the Abelian integrals that y is the 
deficiency (Geschlecht) of the curve represented by the equation y(#, y)=0: and it 
must consequently be demonstrable & posteriori that the foregoing expression for y is 
in fact = deficiency of curve (æ, y)=0. I propose to verify this by means of the 
formule given in my paper “On the Higher Singularities of a Plane Curve,” Quart. 
Math. Jour., vol. vI., (1866), pp. 212—223, [374]. 


It is necessary to distinguish between the values of a which are >, =, and <‘1; 
and to fix the ideas I assume 4 =7, and 


m m m 
ZA A — each >1, 
Pr Ms s 


M 
—=1; say M, = py =X, and m= 0; 
4 


a a slp each <1, 

Ms Pe PF; 
but it will be easily seen that the reasoning is quite general. I use >’ to denote 
a sum in regard to the first set of suffixes 1, 2, 3, and $” to denote a sum in 


regard to the second set of suffixes 5, 6, 7. The foregoing value of is thus 
n= >/ne +rO0 + 2np. 


Introducing a third coordinate z for homogeneity, the equation y(#, y)=0 of 
the curve will be 
pn Bs Mi Mi Hy À ro Ms 1-2 
o= (yer — a) (y-a) (y -arz m) ; 


where it is to be observed that ( )”" is written to denote the product of mp, 


m, my 
different series each of the form yz t A, —...; these divide themselves into Ny 
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groups, each a product of w, series; and in each such product the w, coefficients A, 


1 
are in general the u, values of a function containing a radical a“ and are thus 
different from each other: it is in what follows in effect assumed not only that this 
is so, but that all the m coefficients A, are different from each other*: the like 


A\ ag 
remarks apply to the other factors. It applies in particular to the term (y - a) ' 


À 
viz. it is assumed that the coefficients A in the A0 series y= Aw+... are all of 
them different from each other. These assumptions as to the leading coefficients 
really imply Abel’s assumption that a whey a are all of them fractions in their least 
k 


terms, and in particular that > is a. fraction in its least terms, viz. that X=1: I 


retain however for convenience the general value A, putting it ultimately = 1. 

In the product of the several infinite series, the terms containing negative powers 
all disappear of themselves; and the product is a rational and integral function 
F(a, y, z) of the coordinates, which on putting therein z=1 becomes =x% (s, y). 
The equation of the curve thus is F(s, y, z)=0; and the order is 


m 
a iaei <.. HAO F nsp +., =M +... +A Hst -5 


viz. if K is the order of the curve x (a, y)=0, then K = X/nm + A0 + >np. 

The curve has singularities (singular points) at infinity, that is, on the line z=0: 
viz.— . 

First, a singularity at (¢=0, 2=0), where the tangent is «=0, and which, 
writing for convenience y=1, is denoted by the function 


_ My \% (m, ~My) 
(2 — smn aaa 


aa A e Taa By 
where observe that the expressed factor indicates m branches (z- ammm) , or 


mM 
say m (Mm, — m) partial branches z— æ™-m, that is, m (m, — m) partial branches 
= R E. A 
z=4Agm™n 4... with in all m (m -— m) distinct values of A,: and the like as regards 
the unexpressed factors with the suffixes 2 and 3. 


Secondly, a singularity at (¢=0, y=0), where the tangent is y=0, and which, 
writing for convenience «= 1, is denoted by the function 


_ Bs 25 (u5— Ms) 
(2 — yim Seat 


* This assumption is virtually made by Abel, (l. c.) p. 162, in the expression ‘‘alors on aura en général, 
excepté quelques cas particuliers que je me dispense de considérer: h(y’—y"”)=hy’, &¢.”: viz. the meaning is 
that the degree of y’ being greater than or equal to that of y”, then the degree of y’—y” is equal to that 
of y”: of course when the degrees are equal, this implies that the coefficients of the two leading terms must 
be unequal. 
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_ bs \b5s~ Ms 
where observe that the expressed factor indicates n, branches (z — yi) Or 
ime 
say 7;(@;—m;) partial branches z—ys"™, that is, n;(“s;— ms) partial branches 

fs 
z= A,y"s-™+..., with in all n;(u4;—m;) distinct values of A,: and the like as 
regards the unexpressed factors with the suffixes 6 and 7. 
Thirdly, singularities at the 0 points (z=0, y—As=0), A having here @ distinct 
values, at any one of which the tangent is y—Ax=0, and which are denoted by 


the function 
a) 


but in the case ultimately considered à is =1; and these are then the @ ordinary 
points at infinity, (¢=0, y — As =0).. 

According to the theory explained in my paper above referred to, these several 
singularities are together equivalent to a certain number 8’ +x’ of nodes and cusps; 
viz. we have 


&=4M—33 (2-1), 
i 2: > (a— 1), 
č +K =4M-42(a-1). 
Assuming that there are no other singularities, the deficiency 
4 (K-1)(K-—-2)—- ð% -r 


hence 


is 


=4(K-—1)(K—-2)—-4M+4ž2(a-1). 
This should be equal to the before-mentioned value of y; viz. we ought to have 
(K-1)(K-2)—M +È (a -— 1)=2En,m,nsps- Sn?mp —Enm — Enp — Èn + 2, 
or, as it will be convenient to write it, hia 
M= K?-3K+2(a—-1)- ZEN, Mtr Na ts — Inmpu + Tam + Enp + Èn, 


which is the equation which ought to be satisfied by the values of M and X (a—1) 
calculated, according to the method of my paper, for the foregoing singularities of 
the curve. 
We have as before 
K=/nm + Enp t+ Or. 


The term En, ,M,nsys, written at length, is 


8>T 
= My My (Napa + Ng fs + OA + Ns fs + Ne Mg + Ny pr) 
+ nam, ( Ns fz + OA + Ns fs + Ng Mg + Ny fy) 
+ NsMz ( ON + Ns fs + Ng fg + Nz Mr) 
+ Or ( Ns Ps + Ng fg + Nz flr) 
+ Ns Ms ( Nehe + Nz fr) 
+ gM ( Nz pr), 
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which is 
= ZN My Ne fg + ON (Zr + Sn) + Drm. Ss + Sy. Ng bg 
wer s>r 


We have moreover 
Lemp = X nmp + ON + E'nmy, 
Inm =E'nm +0 +È”nm, 
Inu = Zin +0 +2np, 
Znal = TO | eS 
We next calculate = (a — 1). 


For the singularity 


Mı nı (M, - m) 
Z — g™-h seers 


my, 


33 


Mi= By 
each branch (z- amm) gives a = m, — m, and the value of E (a— 1) for this 


singularity is 


i , M (M, — pa — 1) +n (Mm, — po — 1) + ns (Mm; — u; — 1), 
which is 


= >/nm — >/np — Y'n. 


Ms _\ Nns (M5 ~ms) 
(z — yia) z 


For the singularity 


3 


peel 2 


Ks—™s 
each branch (z — yim) gives æ= u,- m, and the value of E(a—1) for this 


singularity is 
Ns (Hs — Ms — 1) + ne (Me — Me — 1) + n, (m, — m, — 1), 


E Ln 2a >’nm me: Fln, 
For each of the 0 singularities 
A\ a9 
(y-2') 


which is 


we have a= and the value of X(a—1) is =@(X—1): this is =0 for the value 


X=1, which is ultimately attributed to A. 
The complete value of X (a— 1) is thus 
= Y/nm — >"nm — Y/np + np — E'n — E"n + OX — 0. 
Substituting all these values, we have 
M = (S/nm + >’npy + 20 (2’nm + En) + (Or)? 
— 3 (2/nm + &"np) — 30) 
+ Y’nm — >’nm — Enp + 2’np — 2/n — E n+ OX—O 
— 2/1, m, nsus — 20 (È'nm + En) — 2Z’nm . Dns — 2E Nn, M, Ng fog 
> 


s>r ah 
— >'n?*mp — (Or)? — E” nmp 
+ >/nm+ Or + =’nm 
+ >/nt Orn+ E np 
+ i/n+0+2'n, 
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or, reducing, 


M= (S'nmy — È'nm — E'nmp — 2E/n, my Ng Ms 
s>r 


+ (Enp? — >’ np — >" n?mp — 22, M, Ns ps; 
s>r 


and it is to be shown that the two lines of this expression are in fact the values 
of M belonging to the singularities 


Mı Ny (Mı — Hy) Hs Ms (M5— Ms) 
(z A aim) +p And (z me sees 


A\ AO 
respectively. We assume à= 1, and there is thus no singularity (y- z) . 


I recall that, considering the several partial branches which meet at a singular 
point, M denotes the sum of the number of the intersections of each partial branch 
by every other partial branch: so that for each pair of partial branches the inter- 
sections are to be counted twice. Supposing that the tangent is =0, and that for 
any two branches we have z,= A,#”, z,= Áx”: (where pı, pa are each equal to or 
greater than 1), then if p,=p,, and 23 —z,= (4, — 4A.)x” where A,— A, not =0 (an 
assumption which has been already made as regards the cases about to be considered), 
then the number of intersections is taken to be =p,; and if p, and p, are unequal, 
then taking p, to be the greater of them, the leading term of z4,—z2 is =A,x”, and 
the number of intersections is taken to be =p,; viz. in the case of unequal ex- 
ponents, it is equal to the smaller exponent. 


Ma m (m =m) 
) ..; and first the intersections of 


Consider now the singularity (z — gah 


m 
a partial branch z—a™~" by each of the remaining (m,—,)—1 partial branches 


of the same set: the number of intersections with any one of these is = ae : 
PMi 


and consequently the number with all of them is rear [m (m — m)—-1]. But we 
obtain this same number from each of the n,(m,— m) partial branches, and thus the 


whole number is 


Mı 


m — m [m (m — m) — 1], = mm [n (m — m) — 1]. 


m (m — p) 
Taking account of the other sets, each with itself, the whole number of such 
intersections is 
mm, [n (M — p) — 1] + nam, [n (Ma — pa) — 1] + nam; [ns (m, — Hs) — 1], 
which is 


= Y nm — 'n?mp — nm. 
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Observe now that pig, Mas that is, Prc™) and that, these being each <1, we 
pà He Mı Ma 
thence have 1—-“>1-—", that is, mh HM, MTH. and we thus have 
Ma Ma Ma Ma 
Mı Ma < Ms 


< I, 
Mı — My, Mı— p M3 — Hz 


Considering now the intersections of partial branches of the two sets 


M, \ m (m=) Ma \M(M— pa) 
(z — g™h-M and |z — gm- 


Ma 
respectively, a partial branch z— @™-m gives with each partial branch of the other 


set a number =— — ; and in this way taking each partial branch of each set, 


Hai 
the number is 


Ma 
MGR T art) EE = MMN, (M, — pa); 
1 
and thus for all the sets the number is 


= MaMa (m — fz) + WM Ng (ms = bs) + NaMNg (ms Ti ks), 
which is 


= E'n, Mng Ms — E'N, My Ng fts, 
s>r 
where in the first sum the >’ refers to each pair of values of the suffixes. But the 
intersections are to be taken twice; the number thus is 
= 25/n,m,NgMz — 2E Ny My, Ng ftg. 
&8>r 
Adding the foregoing number 
Xneme — &/n2mp — >/nm, 
the whole number for the singularity in question is 


= (S/nmy — Y/nm — &/n?mp — LE'N, My Ng ps. 
s>r 


..; taking each set with itself, the 


Ks p (45— ms) 


Similarly for the singularity (. — y" -ms 
number of intersections is 
Ns [bs [ns (Ms = Ms) = 1] + Nepe [ns (Me — m) — 1] +N; fy [m (Mz — ™M,;) — ri, 


which is 
= Y'M — 2" emp — Dn. 
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We have here se FM each of these being less than 1, we have 1 pea. 
5 Me Bs Me 
that ia, “P= ee oe ee 
Ms Ke Hs — Ms be ~ Me 
Hr 2 Me < Hs ? 
Hr— M; ` pe — Me ` Hs — Ms 
Hence considering the two sets 
Hs Ns (Ms — Ms) He Ne (He — Me) 
(z — yam) and (z— yam) , 
a partial branch of the first set gives with a partial branch of the second set z i: 
Gms? 6 


intersections: and the number thus obtained is 


ls T > = Ny Ng Meg (Ms = Ms). 


Ns (Ms = Ms) -Ne (He — Mg). 


For all the sets the number is 
NsMgfbg (Ms — M5) + MsMz pr (Hs — Ms) + Ng Nz fly (He — Me) 
or taking this twice, the number is 
= DEN, fp Ng ftg — ZZ Ny Mp Ng hs 
s>r 


where in the first sum the =” refers to each pair of suffixes. Adding the ‘foregoing 


value 
X'p — È wmpu — Enp, 


the whole number for the singularity in question is 
= (S"npY — Enp — Enemy — ZEN, MNs ps; 
BAP 
and the proof is thus completed. 

Referring to the foot-note (ante, p. 31), I remark that the theorem y= deficiency, 
is absolute, and .applies to a curve with any singularities whatever: in a curve which 
has singularities not taken account of in Abel’s theory, the “quelques cas particuliers 
que je me dispense de considérer,’ the singularities not taken account of give rise 
to a diminution in the deficiency of the curve, and also to an equal diminution of 


the value of y as determined by Abel’s formula; and the actual deficiency will be 
= Abel’s y—such diminution, that is, it will be = true value of y. 
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